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Many nonequilibrium systems display patterns in laboratory
experiments

Riyapan 2012



Repeating patterns is a good place to start

In 2D, only few regular polygons form space filling tilings - Tesselations



In 3D we can arrange atoms/molecules in many regular ways



Face-centered cubic crystal may be nearer than you think!!



‘Forbidden symmetries’ observed in metallic alloys and meteorites

Steinhardt 2015



Polymer solutions also show such forbidden symmetries

Hayashida 2007



What is the spectral space representation ??

This can be used for both time varying signals and for spatially varying
patterns



We can model both 2D and 3D patterns to understand how they form

I we find never-repeating
patterns!



Wait! How come a never-repeating pattern has only few spectral
modes ??

Hint: The pattern has rotational symmetry but no translational
symmetry - aperiodic tilings and quasipatterns



The structure of 3D quasicrystal

I Movies of contour cloud and regular polygons



Where is the ‘never-repeating’ variety coming from ...?
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Hint: Something smells ‘irrational’ ! φ = 1.61803 · · · , Golden Ratio



A teaser of results from 2D quasicrystals



In summary, never-repeating quasipatterns occur in nature

I These quasipatterns have
rotational symmetry and are
constructed using an irrational
number

I In a particular system, which
pattern occurs at what
parameter depends on the
energy expenditure required

I Famous example for Aperiodic
tiling is the Penrose Tiling!



We consider a phase field crystal model for the scalar U that is
modulated at two length scales
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The evolution of U follows the dynamics

∂U

∂t
= ∇2

(
δF [U]

δU

)
= −∇2

(
LU + QU2 − U3

)
I L is obtained from the dispersion relation & Q denotes strength of

nonlinear interactions

I Five system parameters: two lengthscales, k = q and k = 1, two
growth rates ν and µ together with σ0 which determines how sharp
the peaks are close to k = q, 1



Two length scale model as an extension of prototypical pattern
forming model with conserved dynamics

Swift-Hohenberg for thermal convection:

∂U

∂t
= α∇2

(
µU − (1 +∇2)2U + QU2 − U3

)
Extension to two length scales by Lifshitz-Petrich:

∂U

∂t
= α∇2

(
µU − c(1 +∇2)2(q2 +∇2)2 + QU2 − U3

)
Extension to present model with two independent growth rates:

∂U

∂t
= α∇2

(
LU + QU2 − U3

)
I Analysis of these models with dissipative dynamics is also possible.



Icosahedral symmetry can be described using the 30 edge vectors of an
icosahedron

Expanding U in terms of these
vectors as

U1 =
15∑
j=1

zj e ikj ·x+
15∑
j=1

wj e iqj ·x+c .c .,

in the original evolution equation

and collecting nonlinear terms that
have ‘n’ vectors that add up to zero,
we obtain 60 amplitude equations

żj = − ∂f

∂z̄j
and ẇj = −q2 ∂f

∂w̄j



Subsets of the amplitude equations can be solved to obtain the
predicted amplitudes of the modes

One non-zero amplitude in the case of z-lamellae is given by

ż1 = µz1 − 3z2
1 = 0

whose free energy is then given as

F = z2
1
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−µ+
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2
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1

)
Amplitudes of shapes such as:
hexagonal columnar, body-
centered cubes, orthorhombic,
2D planar quasicrystals and 3D
quasicrystal

Minima of free energy among all patterns then dictates the globally stable
pattern at that parameter combination



Solving for the amplitudes amounts to finding the roots of coupled
polynomials

For planar quasicrystals, we have 2 coupled equations for 2 unknown am-
plitudes

ż = µz + 2Qw2 + 4Qwz − 6w3 − 42w2z − 18wz2 − 27z3 = 0

ẇ = q2
[
νw + 4Qwz + 2Qz2 − 27w3 − 18w2z − 42wz2 − 6z3

]
= 0

We can rewrite these equations as cubic equations for z and w

µz + 2Qw2 + 4Qwz − 6w3 − 42w2z − 18wz2 − 27z3 = 0

νw + 4Qwz + 2Qz2 − 27w3 − 18w2z − 42wz2 − 6z3 = 0

Which has the same number of roots as the system

z3 + 0z2w + 0zw2 + 0w3 + 0w2 + 0wz + 0w − 1 = 0

w3 + 0w2z + 0wz2 + 0z3 + 0z2 + 0wz + 0z − 1 = 0



‘Solve our problem by solving other problems’

danielthebrake.org

I Homotopy continuation is done by tracking all the roots as we
increase the coefficients from zero to their actual values

I Bertini a numerical algebraic geometry software can track all roots
and give list of nonsigular solutions - both real and complex!!



Comparison of weakly nonlinear amplitudes with PDE calculations

I 3D quasicrystals are global minima only over a small range of angles

I Weakly nonlinear analysis is able to predict both the amplitude and
stability of different patterns


